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Question One: (15 Marks) Start a new sheet of paper. 
 

a) Find ∫ xdx3cos . [2] 

b) Find ∫
++ 522 xx

dx . [2] 

c) Evaluate dxxx∫
2

1

ln  (in exact form). [3] 

d)  

i) Find real numbers ba, and c  such that 

( )( ) ( ) ( )1111
1

22 +
+

+
+

=
++ x

c
x

bax
xx

. [2] 

ii) Hence evaluate ( )( )dx
xx∫ ++

1

0

2 11
1  (in exact form).  [2] 

e) Use the substitution θ2sin=x  to evaluate 
( )

dx
x

x∫ −

2
1

0
2
3

1
 [4] 

 
 
Question Two: (15 Marks) Start a new sheet of paper. 
 

a) Given that 
i
iz

−
+

+=
1
13 find: 

i) ( )zIm  [1] 

ii) z  [1] 

iii) z in mod/arg form. [2] 

b) Solve iz 432 −= . [2] 

c) Illustrate on an Argand diagram the region given by 

( )






 ≤++≤++≤ 44

3
24arg0: izandizz π . [3] 

(Question 2 continued over) 
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d) z is a point on the circle 11 =−z  and ( ) θ=zarg . 

i) Find ( )1arg −z  in terms of θ . [1] 

ii) Hence find ( )23arg 2 +− zz  in terms of θ . [2] 

 

e) Find the complex fifth root of i− , in mod/arg form, and show these 
roots on an Argand diagram. [3] 

 
Question Three: (15 Marks) Start a new sheet of paper. 
 

a) The diagram shows the graph of ( )xFy = . Draw neat sketches of (each 
should take about one third of a page): 

i) ( )xF
y 1
=  [2] 

ii) ( ) ( )xFxFy −=  [2] 

iii) ( )xFxy .=  [2] 

iv) ( )xFey =  [2] 

v) )(xFy =  [2] 

(Question 3 continued over) 
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b) The diagram shows the region bounded by the curve ( )242 −= xy  and 
the line 6=x . Use the method of cylindrical shells to find the volume 
of the solid formed by rotating the given region about the axisy − . [5] 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Question Four: (15 Marks) Start a new sheet of paper. 
 

a)  

i) Derive the tangent to the ellipse 12

2

2

2

=+
b
y

a
x  at the point 

( )θθ sin,cos baP . [2] 

ii) If ( )θθ sin,cos baP  is on the ellipse in the first quadrant, and the 
tangent at P  meets the axisx −  and the axisy −  at X  and Y  
respectively, find the coordinates of X  and Y . [2] 

iii) For the triangle thus formed by OXY , find the minimum area of 
this triangle, and the coordinates of P  (in terms of a  and b ) for 
this case. [5] 

b)  

i) Given dxxI n
n ∫=

4

0

tan

π

 where n  is a positive integer and 2≥n , 

show that 21
1

−−
−

= nn I
n

I . [4] 

ii) Hence evaluate dxxI ∫=
4

0

5
5 tan

π

. [2] 
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Question Five: (15 Marks) Start a new sheet of paper. 
 

a) Factorise ( ) 23 26 +−= xxxQ  over the complex number field, given 
that it has two double roots. [3] 

b) The equation 013 =++ pxx  has three real non-zero roots βα ,  and δ . 

i) Find the values of 222 δβα ++  and 444 δβα ++  in terms of p , 
and show that p  must be strictly negative. [4] 

ii) Find the monic equation, with co-efficients in terms of p , whose 

roots are 
αβ
δ

αδ
β

βδ
α ,, . [4] 

c) Let 21 , zz and 3z  be three complex numbers represented by the points 

21 , ZZ  and 3Z  respectively on the Argand diagram, where 

( )2
231 zzz =× . Show that 2OZ  bisects 31OZZ∠ . [4] 

 
Question Six: (15 Marks) Start a new sheet of paper. 
 

a) PQRS is a cyclic quadrilateral. The bisector of ∠ PQS cuts the segment 
PR at X and the circle at M, and RM cuts the segment QS at Y. 

i) Draw a neat diagram showing the above information. [1] 

ii) Prove XQRY is a cyclic quadrilateral. [3] 

iii) Prove XY is parallel to PS. [3] 

b) Find the limiting sum of the series ...
5

...
5
3

5
2

5
1

32 +++++ n

n  [3] 

c) From DeMoivre’s Theorem, we know 1cos8cos84cos 24 +−= θθθ . 
Use this to solve the equation 011616 24 =+− xx , and deduce the exact 

values of 
12

cos π  and 
12
5cos π . [5] 
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Question Seven: (15 Marks) Start a new sheet of paper. 
 

a)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The region between 0=x  and 4=x  is rotated about the axisy − . The volume of the 
solid formed is found by taking slices perpendicular the the axisy − . The typical slice 
shown in the diagram is at a height y  above the axisx − . 
 

i) Deduce that 21 ,, xxα and β , as shown in the diagram, are the roots 
of 0168 234 =−+− yxxx . [1] 

ii) Use the symmetry in the graph to explain why 2
2

21 =
+ xx  and 

2
2

=
+ βα . Hence, by considering the co-efficients of the equation 

in (i), show that 21xx−=αβ , and deduce that yxx =21  and that 

yxx −=− 4212 . [5] 

(Question 8(a) continued over) 

 

 

y 

x 
O 

22 )4( xxy −=  

1x  2x  α  β  

y 
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iii) Show that the volume of the solid of revolution is given by 

dyyV ∫ −=
16

0

48π . Use the substitution ( )24 uy −=  to evaluate 

this integral and find the exact volume. [4] 

 

b)  

 

 

 

 

 

 

 

A projectile, of initial speed V m/s, is fired at an angle α  from the origin O 
towards a target T, which is moving away from O along the axisx − . 

You may assume that the projectile’s trajectory is defined by the equations: 

αcosVtx =  and 2

2
1sin gtVty −= α , where x  and y  are the horizontal and 

vertical displacements of the projectile in meters at time t  seconds after firing, 
and where g  is the acceleration due to gravity. 

i) Show that the projectile is above the axisx −  for a total of 

g
V αsin2  seconds. [1] 

ii) Show that the horizontal range of the projectile is 
g

V αα cossin2 2

 

meters. [1] 

iii) At the instant the projectile is fired, the target T is d meters from O 
and is moving away at a constant speed of u m/s. 

Suppose that the projectile hits the target when fired at an angle of 

elevation α . Show that 
α

α
sin2

cos
V

gdVu −= . [3] 

 

y 

x •  •  

Initial position 
of target 

V 

α  
d  O T 
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Question Eight: (15 Marks) Start a new sheet of paper. 
 

a) Find the volume of the solid generated by rotating the region common 
to the circles 1622 =+ yx  and xyx 822 =+  about their common 
chord. [8] 

b) Hyperbola H has equation 12

2

2

2

=−
b
y

a
x  and eccentricity e . Ellipse E  

has equation ( ) 12

2

22

2

=+
+ b

y
ba

x . See diagram below. 

i) Show that ellipse E  has eccentricity 
e
1 . [1] 

ii) If H  and E  intersect at P  in the first quadrant, show that the 
acute angle α  between the tangents to H  and E  at P  is given by 







 +=

e
e 12tanα . [6] 

 

 






















